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CONTINUITY AND kTH ORDER
DIFFERENTIABILITY IN ORLICZ-SOBOLEV
SPACES: WL,

BY
JACK D. KORONEL

ABSTRACT

The paper gives a necessary and sufficient condition for the embedding of the
Orlicz-Sobolev space W*L, (©2) in C(2). The same condition is also found to be
necessary and sufficient so that a continuous function in W*L, (Q) be differenti-
able of order k almost everywhere in ().

Introduction

Let Q be a bounded domain in R". The Orlicz-Sobolev space W*L, (Q2) is the
set of all functions u in the Orlicz space L. (2) such that the distributional
derivatives D"u are contained in L, () for all a with |a|=m. For the
definition and basic properties of Orlicz spaces, the reader is referred to [5]. The
notation in this paper follows the one in [2].

The first result of this paper concerns conditions for the embedding of
WXL, () in C(), the space of continuous functions in Q. E. A. Rozenfel’d
showed in [8] that a necessary and sufficient condition for W'L,(Q) to be
embedded in C(() is that

1 -—
f AW ™))" dt <o,
0

We extend the above result to the case k >1: the necessary and sufficient
condition for the embedding mentioned above to hold is:

1 -
f A ) tdt <o,
[

. This result sharpens a theorem due to Donaldson and Trudinger [2, theor.
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3.9(b)] in which they gave a sufficient (but not necessary) condition for the
embedding of W*L,(Q) in C(Q).

The second result shows that a condition equivalent to the one that appears in
the previous result, namely,

[ <

is necessary and sufficient for a continuous function in W*L, to have a
differential of order k a.e. This was proved for k =1 by A. P. Calderén in [1].
Our proof for k >1 is in part a generalization of Calderén’s proof. In the case
where A (t)=|t/?, the existence of a kth order differential a.e. was proved by
Reshetnjak [7].

The results of this paper form part of the author’s M. Sc. thesis. The author
wishes to express his gratitude to Professor M. Marcus for his guidance and to
Professor P. Saphar for his interest in this work.

1.

The embedding result can be stated as:

THEOREM 1. Let QCR" be a bounded open set with the cone property (see
following lemma for definition). If A is an N-function such that:

1.1 f A ™)t 'dt <o then:

i) W*LA(Q) can be continuously embedded in C((}),
i) for each f € W*LA(Q), there exists a continuous f such that f(x) = f(x) for
each Lebesgue point of f, and therefore f = f a.e.,

iii) supsenl f(x)|= ¢ - [[f lwrea-

The proof of the theorem makes use of the following two lemmas. A result
similar to the one in the first of these can be found in [6]; our notation follows
that of [6].

LemMa 1.1. Let u € C3(Q)), where QCR" is an open set which has the cone
property, that is for each x, there exists a cone
I,.={y:y=to, 02t<T=w, |o—0.|<7v; |o]|=]|o|=1}

such that x +T,, CQ. (y and T depend only on Q).
Then for x € K = supp u, u can be represented as
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u(x)=|2 fraxm;&—n D*u (x+y)|—$%h,<’—§'—,>dy

al=k
where h,(0) = h(o — 0.) and h € C? is defined on a set isomorphic to a subset of
R"', supph C{o:|o| <y} and such that:

f h(o)do =[(-1)* - (k=1)]".
lo|<y
Proor. Since u € C3(Q), for x €K and |o —a,|<7y:

fmt"";—t:u(x +io)dt = (= 1) (k —Dlu(x).

After multiplying both sides by h, and integrating over |o — 0, | < vy, we get:

o k
f‘- i} h,(a)L t"“—(;i—tru(x+t0')dt=u(x).

Now, by the change of variable y =t - o and keeping in mind the fact that:
Dou(x+y)#0=>y€EK—x
we get the desired result. Q.E.D.

LEmMa 1.2. Let u € L.()), Q a bounded set:

i) If ueLliQ)={u|faA(u(x))dx<x}, KCQ is compact, then:
Ve >038(e) such that [x AGlu(x +h)—u(x)])<e V|h|<é.

i) If u. = u*j, is the regularization of u, then u. — u in the weak * topology
o(La,Lz) as e —>0.

ReMARK. Part (ii) was proved in [4]. However it can be obtained also as 2
consequence of part (i).

ProOF.

i) If v isbounded fxA(v(x + h)— v(x))dx —>0as |h|—0. Noweachu € L}
can be written as u = v + g where v is bounded and f A(g(x))dx < ¢/3 for a
given & > 0. Therefore by convexity: ?

L A(ﬂﬁ%ﬂﬁ)dx g%fk A(o(x + h) - v(x))dx +%fx Ag(x + h))dx

1 E E  E
+1 ELELE_
JJ’KA(g(x))dx<3+3+3 €

ii) Given w € Lz and p >0, by Young’s inequality we have:
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épJ’ A(u x+h)—u(x )dx
X 3
+pf A(J-‘”wpx )dx.
K

Both terms on the right hand side tend to 0, the first one because of (i) and the
second one by the definition of an N function. The assertion is a consequence of
the above inequality using arguments similar to the one in the proof of Theorem
1 below.

UX [u(x +h)—u(x))]w(x)dx

Proor oF THEOREM 1. For k >n, the result follows from Sobolev’s embed-
ding theorem and the fact that W*L, C Wi, this embedding being continuous.
Therefore let k = n (see [3]).

Let f€ W*LA(Q), K CQ compact and 0< g, < dist (K, 3Q); there exists a
function n € C*(Q) such that:

n=1 on K,={z|3yEK:|z—y|=e} and suppn =K,CQ.

Denote g = f-n; then D°g € L, for |a | = k. In order to prove (i) we shall
show that g is equivalent to a continuous function defined on K.

Let 0<g,, e, <dist(K;,d), x € K; let us define the regularizations g., =
g%, i =1,2. By using Lemma 1.1 for g., — g., which has its support in a compact
set K CQ, and using the fact that h has bounded support:

(1.2) ige,(x)~gs,(x)|§6-l>j | Dg (x+y)—D; (x+y)| |y dy

al=k JT's n( R-x)

IA

2
- S DLGEN-DiE+ Nl Iyl
lal=ki=1Jry N (R-x)

A

c- z 22: KID‘;..(Z)—D‘;(Z)] |z - x|*"dz.

laj=ki=1

Now since Dy, = (D3).,

[ 1pi@)-Di@)) 12 -x1az

éfIJQID“g(z —u)—D*g(z)|j.(u)du -]z — x| "dz

= L(LID“g(Z —u)-Dg(2)] |z ‘xl"‘"dZ)js..(u)du.

Now let |u| < &, and let us consider the inner integral; by Young’s inequality
(for p > 0):
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[ 1D~ )= D)) [z -5}z

] AP ]

Let £ >0 be given, then we can find a & >0 such that f3A (¢* )" 'dr <
£/12w.-, where w,_ is the surface area of the n-dimensional unit ball. Since A is
an N-function for this § >0 we can find a p > 1 such that

- ak—n €
oA ( P )<
whereR >0 (which depends on K) is such that K-KcC B(0, R); and thus by
the convexity of A:

- k—n
IA-(Z : )dz
R
5 _ tk—n R _ tk—n
A< )t"_'dt+3pw,._1f A(——)t"“dt
p s P

5 _ - k—n
gswn_,f A (t"’")t"_'dt+3pw,.-1A<8p )R"
0

3p

§ 3p(x)n-1f

d

£ £
<4+ 3

lm

Now by use of Lemma 1.2(i) we can find an £ * > 0 such that for [u | < & *:

R A

So that on the whole for 0 < ¢, e, <e*:

g (x) — gax)| <2n*ce.

By taking the sup on K, we find that {g.} is a Cauchy sequence in C(K) and
therefore there exists a continuous function f such that f=f a.e.

Now since g.(x)— g(x) for each x which is a Lebesgue point of f, we get (ii).
By using Lemma 1.1 for g. we have as in (1.2)

glscS [ 1Dg@z-x s

Since |z —x|*™" € Lz by use of Lemma 1.2 (ii), letting ¢ —0, we get:
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fwy=e 3 [ D% 1z -xdz

and by use of a known inequality in Orlicz spaces (see [5])

= c;';k[!D“g | max (I,J'n A(lz-x |"‘")dz)

and for bounded  we get:

suglf(x)léclnu | WELA(Q). Q.E.D.

2.

In this section we compare the embedding result of Donaldson and Trudinger
[2, theor. 3.9(b)] with Theorem 1 of the present paper. We shall show that their
condition for the continuous embedding W*L.(Q)— C(Q) implies that of
Theorem 1 and that in fact there exist functions satisfying the condition of
Theorem 1 but not that of [2]. ]

We assume below that k <n; for k Zn by Theorem 1, W*L,(Q) can be
continuously embedded in C(Q). (See [3].)

First, we recall the condition given in [2]. For a given N-function A an integer
q(A)and a sequence of N-functions C,, Ci, - - -, C, are defined by the formulas

_ *CL(t
CV'(x)=L Té.r)dt

Co(x)= A(x).

Assuming f:, (C' @)/t dt < for v=0,1,--+,9, q(A)=q <n+1, is such
that

x -1 ® -1
1) Collyi=n bur J Cld .,
0 0

The condition given in [2, theor. 3.9(b)] for the continuous embedding
W La ()= C(Q) is:

2.2) k>q(A).

We show now that this condition implies condition (1.1) of Theorem 1,



Vol. 24, 1976 ORLICZ-SOBOLEV SPACES 125

® -1 o t -1
J' Cg !t!dtzf f Cﬂ-l!S!dStdt

e S Irin T+1/n
L[ dt CG) [ Cils)
(23) = . PEEC RN ds=n PR ds
s 0

© A -1
= p? Mds
STr@+1/n
0

k and q being integers; k >q = k = q + 1. Therefore from (2.1) and (2.3) it
follows that:

© A—1
L ﬁ/ﬂ ds <o
and by Young’s inequality s = A '(s)A'(s) =25 we get

” ds o
(24) fo A—~1(s)sk/n <

On the other hand

w©

1 i}
2.5) L/{(t"‘")t""dt=cfl T—;j‘é{ﬂ_—)ﬂm

— ® _______’?— L
B CL“) [z‘{"(s)]“k/(n—k)d(A (s)).

Since the integrand in (2.4) is decreasing, Abel’s theorem implies that

. N
Im ———=0.
. AAI(S)Sk/n

In particular, for large values of s:

sTHmE A7),

Therefore for sufficiently large so:

- d - d
2.6) f — sHW_k;f — B <.
w [A7(s)] w ATN(s)s™"

In view of Abel’s theorem (2.6) implies that

. S
(27) 11_1;1: [A-l(s)]Hk/(n-k) =
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Finally, (2.6) and (2.7) imply that the last integral in (2.5) converges. This can be
seen by integration by parts. We have thus shown that (2.2) implies (1.1).
We shall now consider an N-function A () such that for large values of ¢
A(t)=1t"*(logt)” where nT—k< Y éf.
We shall show that A (¢) satisfies (1.1) so that the embedding W*L. (Q)— C(Q)
is continuous while the condition (2.2) of [2] is not satisfied by A (z).

For A as above, the function A complementary to A is equivalent to the
N-function which is equal to t* * (log ¢)***~™ for large values of t. (See [5, p.
65].) Without loss of generality, let us assume that A is equal to the above
function. It follows that for sufficiently small ¢:

J:) A(tk—n)tn—ldt =c- [(IOg tk—n)(y-k/(k—n))+1](';1'

The above integral converges for y > (n — k)/k. Thus A satisfies (1.1) for these
values of ¥.
However for the same values of y, q(A)= k since

o

2.8) AR
1

t A

“'ay [A—(SM;]I_IT/" d(Als ))

diverges. Indeed

® ds ___]“ ds
o [A@ )., s(logs) ™"

diverges for y = n/k, and

lim ——3— = lim ———— =0
== [A(s)] s—= (logs)”

Thus, integrating by parts (2.8), we get:

= Cila(1)

(I in dt =,

It has thus been shown that g(A) < k and therefore in this case, the criterion in
[2] cannot applied.

3.

The following lemma is similar to Lemma 1.1 and is proved in a similar way.
We state it here without proof.
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Lemma 3.1. If u is infinitely differentiable such that suppu C B(x,,R’) then
for each x € B(xo, R')

3.1 - a DAY S
u(x) :a|2=k f(y;uyemxo.k'» Drutx+y) [yl h(l y ,)dy

where h € C2(S,-1) and [io- h(o)do = [(—1)* (k — 1)1]".

The next assertion is an extension to the case k >1 of a lemma of Calderén

[1].
L t k/(n—k)
Lemma 3.2. If A is an N-function such thatf [A_(tj] dt <x, then
0

¢ [y -xtray=c ([ awona)”

where u =0 and K is measurable.

Proor. Let E, ={y EK[2" =u(y)=2"""}.
Then:

L u(y)ly —x|*"dy

=< ;mzmﬁ i ‘y_x'k—ndyé Z 2m+1f 'y_x'k—ndy

B(x,r)

where r = (|E,. |/w)"", | E,,| = measure of E,,, w = volume of the unit ball

= nw 2 2m+1f k—ldp =2k_nw1—k/n Z 2m,Em "(/n

m=— m=-—ow

_ i m n A gzm )k/u
Cy m;@ 2 , E"‘ ' A (2m )k/n

=6 (...2_00 |En]AQ" )) o (miw (ﬁ%m) n/(n—k)) (n=ky/n
so([ Awona) (S (/f"(;: )

Now, since A is increasing:
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2mn/k kin—k m 2($+1)"/k k/(n—k)
“= < -«
e Ge @

® mn/k N ki(n—k) w© sn/k An/k Y kin-k
Sl =L e .
_ 2n/(n—k) L [ t

ki(n—-k)
= TTog2 Jo A(z)] dt=cp <o

and from here the result follows.
By making use of a known lemma (see [9] for a more general version) and the
fact that (D®u). = D"u, we have:

LemMa 3.3. Let Q be a bounded domain, and let u € W, () have distribu-
tior.al derivatives D°u for |a|= k. Let us denote:

Q. ={x EQ|dist (x,0Q)>¢}.

Forx € Q) letu.(x)=u*j.(x). If A: R —> R" is convex and continuous then:

i) A(D°u.(x))dx éjn A(D*u(x))dx >0

Qe

i) lim A(D"u.(x))dx =f A(D"u(x))dx.

e—0 ﬂ(,)

THEOREM 2. Let f € Li..(R") be a continuous function such that its distribu-
tional derivatives D*f € L4 (K) for |a|=k < n and for each compact K CR",
where A is an N-functions for which

(3.3) f ) [ﬁ]mﬂ)d: <.

Then f has a kth order differential a.e. in R", that is for almost every x:

farm-f)- 3 LDER_oqnpy a5 |n]-o0.

0<|a|=k .

Proor. Let x € R", we shall show that f is differentiable of order k in x
which is outside a set of measure zero which shall be fixed later.

First of all, without loss of generality we may suppose that
I3[t/ A ()]" "0 dt < =, since otherwise we can take an equivalent N-function
for which the above assumption holds.

Secondly, we suppose that:
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[ Ao fonay<=,  Jal=k
B(x2)

for otherwise we may consider

i = f

x .
||D°'f ”LA(B(X'Z))
fa|=k

Now, our first aim will be to show:

9 fwize- 3 ([ amrona)”

where S = B(x,, R), R <1 is a ball which contains x. (For discontinuous f, this
inequality would be true only for those x which are Lebesgue points of f.)
Let us define a sequence of functions {f.} such that:

f=f. on Se,={x€S|dist(x,dS)=1/m}

and such that suppf.,. Cint S¢n.,) CS.
Let us denote S. ={x |y € S:|x —y|= ¢} and define:

fu) =it = [ fu)itx=y)dy

then supp fme C(SUPP fi )e C(Sm+n)e = B(x,R’') where R'=R —(1/(m + 1)) + &.
From (3.1):

[RSIEE| | Do () 1y [y
{ylx+yEsuppfm.}

o=k

(3.5)

fiA

cS [ D)z -x
lal=k J(S(m+1))e

a k/n
a S (f A(D—;MX)) dy) from (2.2).
lal=k (Stm+1)e

A

We shall now estimate the limit of the right hand side when ¢ = 0 and m — «.
Let:

Da
Jow o AT )= ‘
(Stm+1))e B(xg,R-(1/(m+1))—¢) B(xo,R—(1/(m+1))+e )} B(x0,R—(1/(m+1))—¢)

=I]+Iz.
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For f. = f*j. and z € B(xe, R — (1/(m + 1)) — ¢), by definition:

IDGu=£)@IZ [ 1D3iE = 10) - FO)]dy

Jz-y

C

& 1ol =@ [ 1oy,

(m+1)\S(m)

Therefore, D°f,..(z)= D*f.(z)+ 6(e,m) where lim,,..8(g,m)=0.
So, by the convexity of A,

I,

A

f A(D*f.(z))dz +}A(8) | B(xo, R)|
B(xo,R—(1/(m+1))—¢)

A

%L(XO,R_E) A(D*f.(z))dz +3A(8) | B(xo, R)|.

By Lemma 3.3, the first term on the right hand side is bounded by and
converges to:

1

i ameronay.
B(xo,R)

The second term obviously —0, when m —«, so that
lim I,é%f A(Df(y) dy.
m—wx B(xo.R)

Let us consider now:

b= [, (B

where P, ={R—-(1/(m+1)—e<|y—x/<R—-(1/(m +1))+ ¢} and let us
choose Q such that:

Qe ={x € Q|dist(x,0Q)>¢}=P.

that is Q ={y |R —(1/(m +1))—2e <|y — x| <R — (1/(m + 1))+ 2¢}.
Then according to Lemma 3.3:

12=f A(D—Lzﬂﬂ)dygf A(D; )dy
Qe) Q

and from our choice of Q we get: lim,..,L=0.

Therefore, we can choose subsequences m, —> and & —0 such that by
passing to the limit in (3.5) we get (3.4).
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Now, for x, x' € R" such that |x — x| = R < 1, we take a ball B(xo, R) which
contains them and from (3.4) we get:

66) w-fesa S ([ aorons)”

lal=k

A

“ lalz=k (Lmn) A (D*f(y)) dy) k/".

The rest of the proof follows from the fact that in the same way as Calderén
showed it for [@|=1 in [1], we have for almost every x:

) 1 « « _ -
i B 2R)) Joan, AP fO) = Df(x))dy =0, la|=k.

So that by defining:

g =f)-fx)- 2 k(D'_"f)(xa)!(y —x)°

<|a|=

and using (3.6) for g we get:

g =lg@-g)=a 3 ([ A@m)-Dpnay)”
lal=k \JB(x.2R)

< k 1 3 _ @ kin

=R |;=:k <m(B(x,2R)) B(x2R) A =D f(x))dy) '

Thus
g(x’) ,
% — x| 0 as x'—x
which means that f has a kth order differential at x. Q.E.D.

From Theorems 1 and 2 we get the following result:

Cororrary 1. If € and A are as in Theorem 1 and if k <n then each

equivalence class in W*L, () has a representative f which is differentiable of order
k a.e. in €.

Proor. We shall show that for an N-function A:

(1.1) L At ™) dt <o & (3.3) f [A—t(t)]kl(n_k)dt <o

and then the corollary follows by taking the continuous representative of
Theorem 1 and applying Theorem 2 on f.
First, we assume that A satisfies (1.1). From (2.5) it follows that
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Now, if f is a positive and nonincreasing function and if

lim f(s) =0

the convergence of the integral [, sdf(s) implies that lim,_..sf(s) = 0. This can
be proved in the same way as Abel’s theorem.

Therefore, we may integrate by parts the second integral in (3.7) and thus
conclude that (1.1) implies

(38) Iw [A-l(s)]n/(k—n) ds < o,

A1)

Recalling Young’s inequality, we get

(3.9) f ) [ﬂﬂ]m"_k)ds <.

AQ) N

Using Abel’s theorem in (3.9) it follows that

-1 ni(n—k) -1 ki(n—k)
(3.10) lims - [A—sifl] = lim [A—;@] A7Y(s)=0.

Se—p00 s—>

We have used here the fact that t/A (¢) is a decreasing function of ¢ ([5, p. 8]).
Thus,

SRE[ATE) )] LR [T AT
n s Aam) Plaw $
From (3.9), (3.10) and (3.11) we obtain (3.3). We have thus shown that (1.1)
implies (3.3).
Now, if we assume that A satisfies (3.3) from (3.11) we get (3.9) or equivalently
(3.8). (1.1) follows in view of Abel’s theorem from (3.7) and (3.8).

4,

Rozenfel’d has constructed an example of a function showing that Theorem 1
is sharp for k = 1. We shall now construct a function showing that condition (1.1)
is sharp for all k. Rozenfel’d’s construction in [8] cannot be generalized to the
case k > 1; however Lemma 4.1, which describes the first step of the construc-
tion, is a lemma of Rozenfel’d.
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LemMa 4.1. Let A be an N-function for which
1
4.1) f A ™) " dt =,
0

Then for each a >0, ¢ >0 and p > 0 there exists a nonincreasing and nonnegative
function g.,.,(t)€ C* such that g..,(0)=a;g% (p)=0,0=i=<k-1 and

P
[ AGeyea<e.
Proor. First, it is enough to prove the lemma for p = 1. Next we define

S(a)= inf A(g®@)e"dt

8ET)a| JO
where T, is the set of all nonincreasing and nonnegative g € C* such that
g0 =a; g?1)=0, 0=isk-1.
S(a) is a convex function. By using an argument similar to the one in {8] and the

fact that for g € T}, we have

fl t“g®@)dr=(- 1)k - 1)

it can be shown that the conjugate function is:

_ 0 p=0
S(p)={
© p#0.

This implies that S(a)= S(a)=0 as required.

ReMark 4.1. The function g..,.(t) can be extended to the interval [0, 1] as
zero for p <t = 1. Denoting by §...(?) the extension we have §..,€ C*7'(0,1),

d k-1
771 &wep 1s Lipshitz

gG,E,p(O) =a, ga,s,p(t) =) for t

v
©

and
1
f AR (Nt dt<e.
1]
LeEmMMA 4.2. Let g € C*(0,1) be such that

g)=gM)="---=g*"M)=0.
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Then for v=0,1,-+-,k —1 and the N-function A:

4.2) f AU de 5(7_—11—)m f CA ().

Proor. It is enough to prove the lemma for k = 1. By hypothesis

g0)= [ gs)as.

From the convexity of A it follows that for 0 <t <1

Agm=0-na(E)= ["agenas =t a@nas.

Thus

Ll A(g(D)t™'dt éLIJ:lA(g’(s))dst"'zdt

= LIJ’O "2 dt A (g'(s))ds =ﬁLIA(8'(S))S"“ds.
Q.E.D.

Let us denote by E, (Q2) the closure of the bounded functions in L, (2) induced
by the norm topology of L, (). (See [5] for the basic properties of E(f2).) The
Orlicz-Sobolev space W*E, (Q) is defined in the same way as W*L, (Q) with L,
replaced by E,.

In the following, we shall need a theorem concerning the extension to R" of
functions belonging to an Orlicz-Sobolev space in a specific domain B. We shall
bring here Stein’s version of the extension theorem {10, p. 181, theor. 5]. Stein’s
theorem deals with Sobolev spaces but its proof can easily be applied to
Orlicz-Sobolev spaces of type W*E,. The result is restricted to W*E, because
C>(Q) is dense in W*E,(Q) [2,p. 56] but not in W*L, ().

STEIN'S EXTENSION THEOREM. Let B be a domain with a bounded Lipshitz
boundary. Then for each f € W*E, (B) there exists an f € W*E4 (R") such that

f(x)=f(x) for x€B

I Flwreawn = € || f lweeam-

4.2)

Moreover if f is continuous and bounded in B then so will be f in R™ and

(4.3) max | f(x)| = max| f(x)].
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REMARK 4.2. If 4B can be divided into N parts such that in each of them the
boundary can be represented by a Lipshitzian function, then the constant ¢ in
(4.2) depends only on k,n, N and the maximum of the Lipshitz constants
corresponding to the N parts.

THEOREM 3. Let €} be a domain in R". Then a necessary condition that
W L4 (Q) be embedded in C(Q2) N L>(Q) is that
1 -—
j A" de <o,
0

Proor. We shall show that if A satisfies (4.1) then there exists a function
belonging to W*L,(R") which is unbounded in every nelghborhood of the
origin.

Let h(t) = §.1x+na:(t) where g,., are obtained from Remark 4.1. Let
4.4 B={(x1, " x)|0<x3, %, < x;,0< x; < 1}
and for x € B let us consider
E(xly N xn) = hi(xl)-
Then for »=0,1,---,k -1

S [ ADFx)dx = f 1 f f " AR (x))dxs - -dxadx,

le|=vJB

@4.5)

j A () S oy )k f Ah®() 1™ 'dt<—1—1

where we have used Lemma 4.2. Thus we get
k
I Fi llwht.am = Z ID*Filla=2% > ID°Ffa<1,
Jal=k v=0 la]=v
Furthermore, since the derivatives of h; are bounded, F, € W*E, (B). Now let

z F(x)
f(x) = le i2 .

Since F; 20 is continuous at the origin and F;(0) = i, obviously

lim f(x) =0,

x—0

On the other hand, f is the limit of a Cauchy sequence in W*E, (B) since
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{

éE %—)0.

wkp, By =

i=m

858

Thus f € W*E.(B). Now, B is a Lipshitz domain and from Stein’s extension

theorem f can be extended to all of R* such that f € W*L,(R") and f is

discontinuous and unbounded in the origin. Q.E.D.
The following theorem shows that condition (3.3) of Theorem 2 is sharp.

THEOREM 4. If

4.6) .f[Z%JMP”m=w

then there exists a continuous function in W*L,(R") which is not differentiable
(and therefore not differentiable of order k) on a set of positive measure.

Proor. From the equivalence of (1.1) and (3.3) (see proof of Corollary 1) it
follows that (4.6) implies (4.1). We can thus consider the functions

hi(t) = g ameny g uava(t)

where g..,(t) are the functions we get from Remark 4.1.
Let B be defined by (4.4) and let us consider the sets

K,-={(x1,--~,x,.)|—~,1-—nSx-§ 1 1§j‘=<n}

1
&={ -+ %)|xEB, <f—}
(x x.)| x X1 v

D; = R"\(Ki\B;).
For x € D; we define the function

h.' (X1) X € B,'

E(xl’.",xn)={
0 x € R"\K..

Then F, 20, limoF(x)=4"(2/3) and, for |x|=1/4, F(x)=0. Now, by
making use of Lemma 4.2 and (4.5) we get

I F: lw*cacon = Z | Ffleama<1.
|| =k

Moreover, by definition F; and its derivatives of order less than or equal to k are
bounded which implies that F; € W*E, (D;). Therefore, by making use of Stein’s
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extenston theorem, F; can be extended to R". Thus we get the continuous
functions F; € W*E.(R") such that for each i

I freacun = € I lwovaon = €.

The constant ¢ is independent of i because the constant in Stein’s theorem
depends on the upper bound of the Lipshitz constants of the domain D, and
these constants are independent of i.

Furthermore,

F(0) = 4" 6y
and from (4.3) we get that
|Fi(x)|=4" @)

Now, let x}, be the interior points of B such that their coordinates are integral
multiples of 1/2° and let n; be the number of such points in B. Clearly n; < 2™
We define

"

Gi(x)= ; Fi(x — xi).
=1
Then
(47) ” G" ”W“LA =n ” F“x ”W"LA = 2i"C.

And by definition
| x —xi.|§%$ F(x —xi)=0.

Therefore for each x, at most one of the terms in the sum defining Gi(x) is
different from zero, and

| Gi(x)|=4"G).
Now let

f6)= 2 g Gi).

First, the series defining f converges uniformly in R" and therefore f is
continuous there. Secondly, f € W*L,(R"). Indeed, using (4.7) we have

m

. 1
lim Z e | G W eara—0-

tm—e |
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Finally, as it is shown in [1, p. 211], f is not differentiable on a set of positive
measure and therefore not differentiable of order k on that set. Q.E.D.
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